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1. INTR~DLJCTION 
Abstract equations of the form 
ti-Au=v, (1) 
where u, v are H-valued (H is a Hilbert Space) functions on the real axis 
and A is an unbounded linear operator, have been extensively studied in the 
literature (e.g., Kato [I], Dolph [2]). P a rt icu ar interest is attached to the case 1 
where v is an “input function” belonging to the Sobolev space ZV2(H), 
consisting of H valued L, functions having weak L, derivatives. Following 
Dolph in a loose way we say that the abstract Eq. (1) defines a passive Hilbert 
system if v E W2(H) implies that a solution u exists in W,2(H) and if the 
following energy inequality holds for some 01 > 0 and for all 7: 
Re j- (u, v) dt 3 a f (u, u) dt. (2) --m -cc 
When 01 = 0, Eq. (2) states that the net energy delivered to or absorbed by 
the system is nonnegative at any time and it is in this sense that engineers 
refer to the passivity of electrical networks. In the framework of electrical 
networks, His, however, usually taken to be finite dimensional (e.g., see [3]). 
One interesting consequence of passivity is that the system is then causal 
or nonanticipating: u(t) = 0 for t < 0, whenever v(t) = 0 for t < 0 (for 
proof, see [2 or 31). Another interesting fact, long known to network theorists, 
when H is finite-dimensional, is that the passivity of (1) is equivalent to the 
resolvent R(h, A) of A being positive in the sense that R(h, R) is analytic 
for Re A > 0 and 
Re(x, W, A) x) b 01 II W, A) x II2 (3) 
for some OL >, 0 and all x in H. 
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It is a consequence of some work of Kato [I] that a solution to (1) exists for 
v  E lV2(H), whenever A is regularly dissipativ. Dolph then proved that (1) 
defines a passive Hilbert system with positive resolvent under the same 
condition (see [2] for the definition of regularly dissipative). A suitable 
converse to this result has not yet been obtained. 
Let us now define a closed operator A to be maximal dissipative (strict 
maximal dissipative for 01 > 0) if 
Re(Ax, x) < - 01(x, x) (4) 
for all x in D(A) and for some 01 > 0, and if A is not the proper restriction 
of some other operator which satisfies (4). The class of such operators is 
broader than that of regular dissipative. In this note we show that passivity, 
positivity of the resolvent, and maximal dissipativeness are all equivalent. 
Moreover, for the class of inputs v  in FF2(H) having their support in the 
positive axis (we denote this space by W:2(N)) we show that there exists a 
unique solution in W$2(H) under any of the above equivalent conditions. 
This sharpens somewhat the results of Kato and Dolph for the case of such 
inputs. 
2. THE MAIN RESULTS 
We begin by stating without proof the following integration by parts 
formula due to Wilcox (4). 
LEMMA. Let u, v  be in W1s2(H). Then for all t, < t, , 
s 
1: b4 4 + @4 1 at = W2), &)) - (W, v(h)). (5) 
THEOREM 1. Let A be a closed operator with dense domain on H and suppose 
that (1) admits a unique solution for every v  E W1s2(H). Then for anyfixed OL 3 0 
the conditions (2), (3) and (4) are all equivalent. 
Proof. The argument proceeds by showing that 
passivity 3 positivity 3 dissipativeness => passivity. 
Indeed, let v  E W1s2(H) be given by v(t) = beAtv, , where va is any element 
in H, /3(t) is a Cl function equal to one for t < r and zero for t > r + 1, and 
Re X > 0. Then the function u(t) = /3eA*R(h, A) v,, agrees with the solution 
to (1) for all t < 7. 




’ (u, v) dt = Re(R(h, A) z+, , o,J e-2ReAt dt 
--m s 
> a /I R(A, A) v. II2 /:m:‘2ReAt dt, 
and so the resolvent is positive. Now let y belong to the domain of A and let 
x = (h - A) y. Then y = R(h, A) x and 
WAY,Y) = - Re((h - A)Y, Y) + Re h IIY II2 
= - Re(x, R@, A) x) + Re h /I y II2 
-G - 01 II Ii@, 4 x II2 + Re A II y II2 for Re X > 0. 
As Re h -+ 0, we obtain the dissipativeness of A. To establish passivity we 
follow Dolph (2) and note that if u, z, are an input-output pair for (1) and 
since (u, U) = (6, U) - (Au, u), then, by virtue of Lemma 1, 
2 Re j’ (v, u) dt = 11 u(t)l12 - 2 Re 1‘ (Au, u) dt > 201 IT (u, u) dt 
---co -Lz -02 
which is what we wished to show. 
THEOREM 2. Let A be a closed operator on H which is strict maximal dis- 
sipative for some 01 > 0. Then (1) defines on isomorphism between W:‘(H) and 
W:2(D(A)). 
Proof. It is a well-known theorem of R. Phillips that maximal dissipative 
operators are the infinitesimal generators of contraction semigroups of class 
C,, . Let v belong to W:2(H). Then it is shown by Lions [5] that there exists 
a unique u in B+‘(L)(A)) (Schwartz distributions with support in the positive 
axis and taking values in D(A)) which satisfies (1). Moreover, u is given by 
the convolution u = S * v, where S(t) is the contraction semigroup defined 
by A. Since A is strictly dissipative, the semigroup satisfies 11 S(t)11 < e-“t 
and by looking at the Laplace transform of S we see that the resolvent 
R(h, A) is continuable to the left half-plane for Re h > - 01. The Laplace 
transform also shows that I/ R(h, A)11 < l/(a + Re h) and so the resolvent is 
uniformly bounded for Re h > 0. Now let 6 be the Laplace transform of v. 
The Paley-Wiener theorem tells us that 6 belongs to the Hardy space ZJH). 
Set G(h) = R(X, A) 6(h). Clearly, zi, is analytic in the right half-plane and 
s 
m 
--io 11 ti(A)l12 dw < const. Irn --oo IIWI2 dw -c 03. 
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Hence 6 belongs to ZS(D(A)) since R(h, A) : II ---+ D(A). Invoking Paley- 
Wiener again, we find that w is an L, function with support in the positive 
axis which takes values in D(A). Now (A -. d) R(A, A) d = 4 which is the 
Laplace transform of ti - Aw ~= V. Since the solution to (I) is unique, it 
follows that u = w = 5’ ;k o. Moreover, ti = S * d is also an I,, function 
with support in the positive axis by the same reasoning. Therefore 
u E W~2(D(A)). 
One immediate consequence of the above theorem is the stability result 
that II u II1 < II ‘0 II1 , where 11 u 11: = J 1 u i2 dt + [ 1 ti I2 dt. Note also as a 
consequence of Theorem 1 that the strict dissipativeness condition could 
have been replaced by either (2) or (3) for 01 > 0. 
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